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A SIMPLE MODEL FOR THE BFKL-DGLAP TRANSITION
GO¨STA GUSTAFSON
Dept. of Theor. Physics, Lund University, So¨lvegatan 14A, 22362 Lund, Sweden
E-mail: gosta@thep.lu.se
A simple model for the gluon structure function at small x is presented, which gives
an intuitive picture of the transition between the DGLAP and BFKL regimes.
1 Introduction
When k⊥ is large and 1/x is limited we are in the DGLAP regime, and when
1/x is large and k⊥ is limited we are in the BFKL regime. An essential
question is then: What is large? Where is the boundary between the regimes,
and what is the behaviour in the transition region? We will here present a
simple interpolating model, which can illuminate these questions. The model
is relevant for small x, and has a smooth transition between large k⊥, where
ordered chains dominate, and small k⊥, where non-ordered chains are most
important. We will first discuss the case of a fixed coupling, and after that
the case with a running coupling. The results are obtained in collaboration
with Gabriela Miu, and a more extensive presentation is given in ref. 1.
2 Fixed coupling
For large values of k⊥ (in the “DGLAP region”) the non-integrated structure
function F(x, k2
⊥
) is dominated by contributions from chains which are ordered
in k⊥. For small x the result is a product of factors
3αs
pi · dxixi ·
dk2
⊥,i
k2
⊥,i
2:
G ≡ 1
α¯
F(x, k2
⊥
) ∼
∑
N
∫ N∏
α¯ dliθ(li+1 − li) dκiθ(κi+1 − κi)
where α¯ ≡ 3αs
pi
, l ≡ ln(1/x) and κ ≡ ln(k2⊥) (1)
Integration over κi with the θ-functions gives the phase space for N or-
dered values κi. The result is κ
N/N !. The integrations over li give a similar
result, and thus we obtain the wellknown double log result
1
α¯
F(x, k2⊥) ∼
∑
N
α¯N · l
N
N !
· κ
N
N !
= I0(2
√
α¯lκ) (2)
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For smaller k⊥, in the BFKL region, also non-ordered chains contribute,
and the result is a powerlike increase ∼ x−λ for small x-values 3.
The CCFM 4 model interpolates smoothly between the DGLAP and
BFKL regimes. The Linked Dipole Chain (LDC) model 5,6,7 is a reformu-
lation and generalization of the CCFM model, in which gluons in some parts
of phase space are treated as final state radiation, instead of as initial state
radiation as in the CCFM model. In the LDC model the possibility to “go
down” in k⊥, from κ
′ to a smaller value κ, is suppressed by a factor exp(κ−κ′).
The effective allowed distance for downward steps is therefore limited to about
one unit in κ. If this quantity is called δ, the result is that the phase space
factor κ
N
N ! is replaced by
(κ+Nδ)N
N ! . Thus we obtain
1
α¯
F(x, k2⊥) ∼
∑
N
(α¯l)N
N !
(κ+Nδ)N
N !
(3)
When κ is very large, this expression approaches eq. (2). When κ is small we
find, using Sterling’s formula, that F(x, k2
⊥
) ∼ ∑N (α¯lδe)N/N ! = exp(λl) =
x−λ, with λ = α¯δe. For δ = 1 this gives λ = eα¯ = 2.72α¯, which is very close
to the leading order result for the BFKL equation, λ = 4 ln 2 α¯ = 2.77α¯. Thus
eq. (3) interpolates smoothly between the DGLAP and BFKL regimes. It is
also possible to see that the transition occurs for a fixed ratio between κ and
l, κ/l ≈ eα¯.
For small x we can also go one step further, and expand eq. (3) in powers
of κ/l. After some algebra we then find
1
α¯
F ∼ 1√
2piλl
exp
[
λl +
κ
δ
− κ
2
2δ2λl
]
. (4)
We here recognize the Gaussian distribution with a width proportional to λl,
corresponding to a random walk in κ, typical for the BFKL equation 3,8.
The result of a numerical evaluation of eq. (3) is presented in fig. 1a
together with the DGLAP and BFKL approximations in eqs. (2) and (4).
We note in particular that F grows monotonically with κ. The Gaussian
behaviour is only obtained in an expansion of lnF to second order in powers
of κ/l.
3 Running Coupling
For a running coupling a factor α¯ dκ in eq. (1) is replaced by α0 dκ/κ = α0 du,
where α¯ ≡ α0/κ and u ≡ lnκ = ln ln k2⊥. In the large k⊥ region (the “DGLAP
region”) the result is therefore similar to eq. (2), but with α¯κ replaced by
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Figure 1. The structure function G = (1/α¯)F for fixed coupling, a, and running coupling, b.
The combinations on the abscissa, κ/(λl) and α0u/(λ2l), are chosen so that the transition
occurs when these combinations are around 1. The corresponding values of k2
⊥
in GeV 2
are also indicated.
α0 lnκ. For small x-values we note that the allowed effective size of downward
steps, which is still one unit in κ, is a sizeable interval in u for small κ, but
a very small interval in u for larger κ. This is the reason for our earlier
experience 6, which showed that a typical chain contains two parts. In the
first part the k⊥-values are relatively small, and it is therefore easy to go up
and down in k⊥, and non-ordered k⊥-values are important. The second part
is an ordered (DGLAP-type) chain, where k⊥ increases towards its final value.
Let us study a chain with N links, out of which N − k correspond to
the first part with small non-ordered k⊥, and the remaining k links belong
to the second part with increasing k⊥. Assume that the effective space for
each ui in the soft part is given by a quantity ∆. (∆ is sensitive to the soft
k⊥-cutoff, and an estimate is presented in ref. 1.) Then the total weight for
this part becomes ∆N−k. For the k links in the second, ordered, part the
phase space becomes as in the DGLAP case uk/k!. Thus the total result is
(G ≡ F/α¯ = κF/α0)
G ∼
∑
N
(α0l)
N
N !
N∑
k=0
uk
k!
∆N−k =
∑
N
(α0l∆)
N
N !
N∑
k=0
(u/∆)k
k!
; u ≡ lnκ. (5)
This simple model also interpolates smoothly between the DGLAP and
BFKL regions. For large u-values the last term in the sum over k dominates,
which gives the “DGLAP” result
G ∼
∑
(α0lu)
N/(N !)2 = I0(2
√
α0lu) ≈ (16pi2α0lu)−1/4 · exp(2
√
α0lu). (6)
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For small u-values the sum over k gives approximately expu/∆, and thus
G ∼ exp(α0∆l) · exp(u/∆) = x−λκλ/α0 , with λ = α0∆. (7)
The transition between the regimes occurs now for a fixed ratio between u =
ln ln k2
⊥
and l = ln(1/x), u/l ≈ λ2/α0, which is of order 0.1 if λ is around 0.3.
The result of a numerical evaluation is illustrated in fig. 1b. The DGLAP
and BFKL limits in eqs. (6) and (7) are also presented, and we can see how
the model interpolates between these limits.
4 Conclusion
The simple models in eqs. (3) and (5), for fixed and running couplings respec-
tively, interpolate smoothly between large and small k⊥-values. They contain
the essential features of the CCFM and LDC models, and can therefore give
an intuitive picture of the transition between these two regimes. The tran-
sition occurs for a fixed ratio between ln k2
⊥
and ln 1/x for fixed coupling,
and between ln ln k2
⊥
and ln 1/x for a running coupling. A more extensive
discussion, including effects of non-leading terms in ln 1/x and the properties
of Laplace transforms, can be found in ref. 1.
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